Abstract. In this paper we formulate a conjecture which partially generalizes the Gross-Kohnen-Zagier theorem to higher weight modular forms. For f ∈ S 2k (N ) satisfying certain conditions, we construct a map from the Heegner points of level N to a complex torus, C/L f , defined by f . We define higher weight analogues of Heegner divisors on C/L f . We conjecture they all lie on a line, and their positions are given by the coefficients of a certain Jacobi form corresponding to f . In weight 2, our map is the modular parametrization map (restricted to Heegner points), and our conjectures are implied by GrossKohnen-Zagier. For any weight, we expect that our map is the Abel-Jacobi map on a certain modular variety, and so our conjectures are consistent with the conjectures of Beilinson-Bloch. We have verified our map is the AbelJacobi for weight 4. We provide numerical evidence to support our conjecture for a variety of examples.
Introduction
For integers N, k ≥ 1, let S 2k (N ) denote the cusp forms of weight 2k on the congruence group Γ 0 (N ). Let X 0 (N ) be the usual modular curve and J 0 (N ) its Jacobian. By D we will always mean a negative fundamental discriminant which is a square modulo 4N . For each D, one can construct a Heegner divisor y D in J 0 (N ) and defined over Q. Suppose f ∈ S 2 (N ) is any normalized newform whose sign in the functional equation of L(f, s) is −1. Then the celebrated theorem of Gross, Kohnen, and Zagier [Gross et al. 87, Theorem C] says that, as D varies, the f -eigencomponents of the Heegner divisors y D all 'lie on a line 1 ' in the quotient J 0 (N ) f . Furthermore it says their positions on this line are given by the coefficients of a certain Jacobi form. In particular when N is prime, the positions are the coefficients of a half-integer weight modular form in Shimura correspondence with f . Now suppose f ∈ S 2k (N ) is a normalized newform of weight 2k and level N . In addition, assume the coefficients in its Fourier series are rational, and the sign in the functional equation of L(f, s) is −1. Let H N /Γ 0 (N ) ⊂ X 0 (N ) denote the Heegner points of level N . In this paper we construct a map,
where C/L f is a complex torus defined by the periods of f . Let h(D) denote the class number of the imaginary quadratic field of discriminant D. 
f in C/L f . When k = 1, α is the usual modular parametrization map restricted to Heegner points, and (y D ) f is equal to the feigencomponent of y D in J 0 (N ) as described in the first paragraph. For k ≥ 1 we formulate conjectures similar to Gross-Kohnen-Zagier. We predict the (y D ) f all lie in a line in C/L f , that is, there exists a point y f ∈ C/L f such that (y D ) f = m D y f , up to torsion, with m D ∈ Z. Furthermore we predict the positions m D on the line are coefficients of a certain Jacobi form corresponding to f . In the case when N is prime and k is odd, the m D should be the coefficients of a weight (k + 1/2) modular form in Shimura correspondence with f .
We expect our map is equivalent to the Abel Jacobi map on Kuga-Sato varieties in the following sense. Let Y = Y k be the Kuga-Sato variety associated to weight 2k forms on Γ 0 (N ). (See [Zhang 97, p.117] for details.) This is a smooth projective variety over Q of dimension 2k − 1. Set Z k (Y ) hom to be the nullhomologous codimension k algebraic cycles, and CH k (Y ) hom the group of Z k (Y ) hom modulo rational equivalence. Let Φ k be the usual k-th Abel-Jacobi map,
where J k (Y ) is the k-th intermediate Jacobian of Y . Given any normalized newform f = n≥1 a n q n ∈ S 2k (N ) with rational coefficients, there exists an f -isotypical
, and thus an induced map,
Our expectation is that the image of Φ k f on classes of CM cycles in CH k (Y ) hom is equal (up to a constant) to the image of our map α on Heegner points in X 0 (N ). If we assume this is the case, then our conjectures are consistent with the conjectures of Beilinson and Bloch. In this setting they predict
If we assume ord s=k L(f, s) = 1, then a refinement of their conjecture predicts the image of Φ
. We have verified the equivalence of α and Φ 2 f in the case of weight 4. For this we used an explicit description of Φ 2 f on CM cycles given by Schoen in [Schoen 86 ]. In fact, in [Schoen 93 ] Schoen uses this map to investigate a consequence of BeilinsonBloch similar to the one described above. For a specific Y = Y 4 and f he computes Φ f on certain CM divisors in Y defined over the quadratic number field Q(i). From this he finds numerical evidence that the images lie on a line and their positions are given by a certain weight 5/2 form corresponding to f .
The sections of this paper are divided as follows. In Section 2 we describe our map and its lattice of periods. In Section 3 we give explicit statements of our conjectures. In Section 4 we describe the algorithm we created to numerically verify the conjectures in a variety of examples. Note our algorithm could be applied to compute coefficients of half-integer weight modular forms. In sections 5 and 6 we compute some examples and use them to verify our conjectures in two different ways.
Higher Weight Heegner Points
Let h denote the upper half-plane. Suppose f is a normalized newform in S 2k (N ) having a Fourier expansion of the form,
Recall the L-function of f is defined by the Dirichlet series,
and has an analytic continuation to all of C. Moreover the function Λ(f,
where ε = ±1 is the sign of the functional equation of L(f, s).
For each prime divisor p of N , let q = p ℓ , ℓ ∈ N such that gcd(q, N/q) = 1 and set ω q = qx0 1 N y0 q , for some x 0 , y 0 ∈ Z, with qx 0 − (N/q)y 0 = 1 . Define Γ * 0 (N ) to be the group generated by Γ 0 (N ) and each ω q . Let S be a set of generators for Γ * 0 (N ). Define the period integrals of f for the set S by,
These are sometimes referred to as Shimura integrals. It is straightforward to see that every integral of the form,
is in an integral linear combination of elements in P. (See [Shimura 73, Section 8.2] , for example). In fact, the Z-module generated by P forms a lattice,
Proof. By theorems of Razar [Razar 77, Theorem 4] andŠokurov [Šokurov 80, Lemma 5.6] , the set P is contained in some lattice. Hence L is of rank ≤ 2. To show its rank is 2, it suffices to show there exist nonzero complex numbers u + , u − ∈ L with u + ∈ R and u − ∈ iR. Suppose m is a prime not dividing N , and χ a primitive Dirichlet character modulo m. Define (f ⊗ χ) := n≥1 χ(n)a n q n , and L(f ⊗ χ, s) to be its Dirichlet
Let g(χ) denote the Gauss sum associated to χ. Then an expression for χ in terms of the additive characters is given by,
Substituting this into (2.1) gives
and replacing z by z − u/m and rearranging implies
Now let s = 2k − 1 in the above equation, and multiply both sides by (2πi)
is real-valued and nonzero, the right hand side of this equation is either purely real or purely imaginary depending on the choice of m. Then this proves the lemma since the right hand side is in L for any m.
Let D < 0 be a fundamental discriminant, and assume D is a square modulo 4N . Fix a residue class r mod 2N satisfying D ≡ r 2 mod 4N . Then
corresponds to a subset of the positive definite binary quadratic forms of discrimi- For
Lemma 2.2. The map α induces a well-defined map (which we will also denote by α),
Proof. For any τ ∈ H N of discriminant D and γ ∈ Γ 0 (N ), we will show
Since Q γτ (z) has integer coefficients, this will imply
where in the last equality we used
where Div(X 0 (N )) denotes the group of divisors on X 0 (N ). If D = −3 (resp. D = −4 ), scale P D,r by 1/3 (resp. 1/2). Extend α to P D by linearity and define
Here, bar denotes complex conjugation in C. We write y D,r or y D for (y D,r ) f , and P D for P D,r when the context of f , r is clear.
By the actions of complex conjugation and Atkin-Lehner on H N , we have
where ε is the sign of the functional equation of L(f, s). Thus if ε = +1, then y D,r are in L for all D, r. This is, in some sense, the trivial case. Hence we restrict our attention to the case when ε = −1. Conjectures 3.1 and 3.3 give a partial generalization of the Gross-Kohnen-Zagier theorem to higher weights.
Conjecture 3.1. Let f = n≥1 a n q n ∈ S 2k (N ) be a normalized newform with rational coefficients, and assume ε = −1 and L ′ (f, k) = 0. Then for all fundamental discriminants D < 0 and r mod 2N with D ≡ r 2 mod 4N , there exist integers m D,r such that
where y f ∈ C/L and t ∈ Z are both nonzero and independent of D and r.
Remark 3.2. Equivalently we could say y D,r = m D,r y f up to a t-torsion element in C/L.
To state the second conjecture we will need to use Jacobi forms. (See [Eichler and Zagier 85] for background). Let J 2k,N denote the set of all Jacobi forms of weight 2k and index N . Then such a φ ∈ J 2k,N is a function φ : h × C → C, which satisfies the transformation law
for all a b c d ∈ SL 2 (Z), and has a Fourier expansion of the form
The coefficient c(n, r) depends only on r 2 − 4N n and on the class r mod 2N . Suppose f ∈ S 2k (N ) is a normalized newform with ε = −1. Then by [Skoruppa and Zagier 88] , there exists a non-zero Jacobi cusp form φ f ∈ J k+1,N which is unique up to scalar multiple and has the same eigenvalues as f under the Hecke operators T m for m, N coprime. We predict that the coefficients of φ f are related to the m D from above in the following way, Conjecture 3.3. Let f = n≥1 a n q n ∈ S 2k (N ) be a normalized newform with rational coefficients, and assume ε = −1 and
where n = |D|+r 2
4N
and c(n, r) is the (n, r)-th coefficient of the Jacobi form φ f ∈ J k+1,N .
Remark 3.4. When k = 2, the points (y D,r ) f and y f are the same as those defined in [Gross et al. 87] , and both of our conjectures are implied by Theorem C of their paper. (Actually their theorem is only for D coprime to 2N but they say the result remains 'doubtless true' with this hypothesis removed. See [Hayashi 95] and [Borcherds 99 ] for more details.) Particular to weight 2 is the fact that C/L is defined over Q and so y D is a rational point on the elliptic curve E f ≃ C/L. In contrast, we should stress that for weight k > 2, the elliptic curve E ≃ C/L is not expected to be defined over any number field. For instance, the j-invariants for our examples all appear to be transcendental over Q.
Remark 3.5. For N = 1 or a prime, and k odd we can state Conjecture 3.3 in terms of modular forms of half-integer weight. Specifically, let φ ∈ J k+1 (N ) be a Jacobi form with a Fourier expansion as in (3.1), and set This function is well-defined because c(n, r) depends only on r 2 − 4nN when N = 1 or a prime, and k is odd. Then by [Eichler and Zagier 85, p.69] , g is in M k+1/2 (4N ), the space of modular forms of weight k + 1/2 and level 4N . In addition, if f ∈ S 2k (N ) is a normalized newform with ε = −1, then the form g defined by φ f is in Shimura correspondence with f .
Algorithm
Let f = n≥1 a n q n ∈ S 2k (N ) be a normalized newform with rational Fourier coefficients. The sign ε of the functional equation of L(f, s) can be computed with the identity,
given by the action of the Fricke involution of level N on f . We will only consider f such that ε = −1 and L ′ (f, k) = 0. The first step is to find a basis of our lattice L, which is the Z-module generated by the periods P as described above. Suppose p 1 , p 2 , p 3 are three periods in P. Since L has rank 2, these are linearly dependent over Z, that is a 1 p 1 + a 2 p 2 + a 3 p 3 = 0, for some a i ∈ Z.
We may assume gcd(a 1 , a 2 , a 3 ) = 1. Let d = gcd(a 1 , a 2 ), then there exist integers x, y ∈ Z such that xa 1 + ya 2 = d. Similarly gcd(d, a 3 ) = 1 so there exist integers u, v ∈ Z such that ud + va 3 = 1. Define the matrix M by,
. Hence −yp 1 + xp 2 and −va 1 p 1 /d− va 2 p 2 /d+ up 3 are a basis for the Z-module generated by p 1 , p 2 , p 3 .
We would also like our basis elements to have small norm. Given a basis ω 1 , ω 2 of a lattice, its norm form is a real bilinear quadratic form defined by the matrix,
Thus it is equivalent to a reduced form of the same discriminant, that is, there exists U ∈ SL 2 (Z) such that
with |β| ≤ α ≤ γ and β ≥ 0 if either |β| = α or α = γ. Hence (ω ′ 1 , ω ′ 2 ) := (ω 1 , ω 2 )U is a 'reduced' basis. For a basis of all of L we simply apply this process iteratively on the elements of P.
In fact it is not hard to see that L is a real lattice, that is,L = L. Thus given a basis ω 1 , ω 2 of L, we may assume ω 1 ∈ iR, and therefore τ := ω 2 /ω 1 has real part equal to either 0 or 1/2. This implies Re(L) = Re(ω 2 ) which will help simplify our computations.
To actually compute the elements in P we need to split the path from (i∞) to γ(i∞) of integration at some point τ ∈ h which gives,
We choose τ to be a point at which f has good convergence. To compute integrals of the form,
we use repeated integration by parts to get the formula
where f ℓ (τ ) is defined to be the ℓ-fold integral of f evaluated at τ ∈ h, that is,
which is well-defined for any 0 ≤ ℓ ≤ 2k − 1. The next task is to compute α(τ ) for τ ∈ H N . We could do this using (4.1), but it is computationally faster to use the following identity for α. Recall the modular differential operator,
to be the composition of the ℓ operators ∂ m , ∂ m+2 , . . . , ∂ m+2(ℓ−1) . Then a straightforward combinatorial argument yields the following identity, whose proof we will omit, Lemma 4.1. Let τ be a Heegner point of level N and discriminant D. Then
is a constant depending only on D and 2k.
A closed formula for ∂ ℓ m (see [Villegas and Zagier 93] for example) allows us to write α as
where p(m, x), is the polynomial,
We compute α(τ ) using (4.2). Also notice that Lemma 4.1 perhaps provides further insight into why the map H N → C/L inducing α is invariant under Γ 0 (N ). Loosely speaking, this is because integrating f (2k − 1)-times lowers its weight by 2(2k − 1) and ∂ k−1 −2k+2 increases its weight by 2(k − 1) to get something morally of weight 0. Given a set of Heegner point representatives of level N , discriminant D, and root r, we can use the above to compute y D,r . Verifying the first conjecture for each D, r then amounts to choosing a complex number y f , and an integer t, both non-zero, and showing the linear dependence,
for some integers m D,r , n D,r . The second conjecture consists of comparing the coefficients m D,r of y f we get above with the Jacobi form coefficients of the form φ f .
Examples
The Fourier coefficients of the forms in these examples were computed using SAGE [Stein and Joyner 05] . The rest of the calculations were done in PARI/GP [PAR 08].
We will always take a set of generators for Γ 0 (N ) which includes the translation matrix T = ( 1 1 0 1 ) but no other matrix whose (2, 1) entry is 0. The period integrals for T are always 0 since i∞ is its fixed fixed point, hence we can exclude it from our computations of P. In addition the (2π) k factor in the definitions of y D and L is left off from the computations, since it is just a scaling factor and requires unnecessary extra precision.
For each example below, we list the number of digits of precision and the number M of terms of f we used. Below that is a set of generators we chose for Γ * 0 (N ) and the bases, ω 1 , ω 2 , we got for L from computing P and applying the lattice reduction algorithm explained in Section 4. We then provide a table listing the m D which satisfy equation (4.3) for t, y f of our choosing, and D less than some bound. Without getting into details, the precision we chose depended on the size of the M -th term of f and on the a priori knowledge of the size of the coefficients satisfying (4.3).
Example 5.1. 2k = 10, N = 3. The space of cuspidal newforms of weight 10 and level 3 has dimension 2, but only one form has ε = −1. The first few terms of it are
Number of terms 100
The m D in Table 1 give, up to scalar multiple, the coefficients of the weight 11/2 level 12 modular form found in [Eichler and Zagier 85, p. 144 The weight 18 level 1 eigenform in S 18 (1) has the closed form
, where E 2k (z) is the normalized weight 2k Eisenstein series.
Precision 200
The m D in Table 2 are identical to the coefficients of the weight 19/2 level 4 half-integer weight form in [Eichler and Zagier 85, p.141] , which is in Shimura correspondence with f .
Example 5.3. 2k = 4, N = 13
The dimension of the new cuspidal subspace is 3 in this case, but only one has integer coefficients in its q-expansion. 
Notice this is the first example of a nonsquare lattice. In fact ω 2 /ω 1 = −0.5000 · · ·+ i · 13.67212999 . . . so Re(ω 2 /ω 1 ) = 1/2 as explained earlier. This is also the first example where the choice of r matters, since k = 2 is not odd. For each D, we chose r in the interval 0 < r < 13. In addition this is our only example where t > 1.
A closed form expression for the weight 3 index 13 Jacobi form φ = φ f corresponding to f was provided to us by Nils Skoruppa, φ(τ, z) = ϑ for a = 1, 2, 3, ζ = e 2πiz . (This has a nice product expansion using Jacobi's triple product identity.)
We verify that the (n, r)-th coefficient c(n, r) in the Fourier expansion of φ is identically equal to the m D,r in Table 3 Table 3 . f ∈ S 4 (13). List of D, m D,r such that ty D,r −tm D,r y f ∈ L with t = 3, for |D| < 200.
More Examples
The coefficients of Jacobi forms are difficult to compute, in particular for the cases when N is composite or when k is even. We chose the previous examples in part because the Fourier coefficients for their Jacobi forms already existed, thanks to the work of Zagier, Eichler, and Skoruppa mentioned above. However, given any weight and level, we can still provide convincing evidence for our conjecture without knowing the exact coefficients of its Jacobi form. This is done using a refinement of Waldspurger [Waldspurger 81] given in [Gross et al. 87, p.527] .
Specifically, let f ∈ S 2k (N ) be a normalized newform with ε = −1. Let φ = φ f ∈ J k+1,N , with Fourier coefficients denoted by c(n, r), be the Jacobi form corresponding to f as described in Section 3. For a fundamental discriminant D with gcd(D, N ) = 1 and square root r modulo 4N , [Gross et al. 87 , Corollary 1] says
here L(f, D, s) is L-series of f twisted by D, and n ∈ Z satisfies D = r 2 − 4N n. By . = we mean equality up to a nonzero factor depending on N, 2k, f, and φ, but independent of D. (Gross-Kohnen-Zagier give this constant explicitly in their paper, but for us it is unnecessary.)
Thus given two such discriminants D i = r 2 i − 4N n i , i = 1, 2, we have
|D 2 | k−1/2 L(f, D 2 , k) = |c(n 1 , r 1 )| 2 |c(n 2 , r 2 )| 2 .
Hence by computing central values of twisted L-functions of f , we can test if ratios of squares of our m Di,ri are equal to those of c(n i , r i ).
For the examples below we have the same format as the previous examples along with a fixed choice of discriminant D 1 for which we verified explicitly,
for all D coprime to N less than a certain bound.
Example 6.1. 2k = 4, N = 21. The dimension of the new cuspidal subspace of S 4 (21) is 4. We chose f = q − 3q 2 − 3q 3 + q 4 − 18q 5 + 9q 6 + 7q 7 + · · · .
Precision 40
Number of terms 500 Table 5 . f ∈ S 12 (4). List of D, m D,r such that y D,r −m D,r y f ∈ L for |D| < 200.
